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bstract
In the current article, we obtain the following results: Let A  be an algebra and P be a semi-prime ideal of A. Suppose that
 : A  →  (A/P) is a Jordan derivation such that dim{d(a)|a  ∈  A} ≤  1. If d(P) =  {0}, then d  is zero. As an application of this
esult, we prove that if A  is an algebra such that⋂P ∈ Σ(A)P =  {0}, where Σ(A) denotes the set of all semi-prime ideals of A, and
urther each semi-prime ideal of A  is of codimension 1, then A  is commutative. 2016 Taibah University. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction  and  preliminaries
In this paper, A  denotes an associative complex
lgebra. Recall that a proper ideal I of A  is called
rime if either a  ∈  I or b ∈  I, whenever aAb ⊆  I for
, b  ∈  A. The set of all prime ideals of A  is denoted
y Πρ(A). Moreover, a proper ideal J of A  is said to
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be semi-prime if aAa ⊆  J implies that a ∈ J, for all
a ∈ A. We denote the set of all semi-prime ideals of A
by Σ(A). Obviously, every prime ideal is semi-prime,
i.e. Πρ(A) ⊆  Σ(A). Furthermore, the set of all primi-
tive ideals of A  is denoted by Π(A). Let J be an ideal
of A. The set (A/J) =  {a  +  J|a ∈  A} with the oper-
ations (a  +  J)(b +  J) =  ab  +  J, (a  +  J) +  (b  +  J) =
(a +  b) +  J and α(a  +  J) =  αa  +  J (a,  b  ∈  A, α  ∈
C) is called a quotient algebra (for more details see [1]).
A derivation on an algebra A  is a linear mapping d  :
A  →  A  which satisfies Leibnitz rule d(ab) = d(a)b  + a
d(b) for all a,  b ∈ A. The linear mapping d  is called
a Jordan derivation if d(a2) = d(a)a  + a  d(a) for all a  ∈
A. It is clear that if d  is a Jordan derivation on A,nder which Jordan derivations are zero, J. Taibah Univ. Sci.
. This is an open access article under the CC BY-NC-ND license
then d(ab  + ba) = d(a)b  + a  d(b) + d(b)a  + b  d(a) for all
a, b  ∈  A. In the current article, we study two histor-
ical subjects concerning derivations. The first subject
regarding derivations of Banach algebras is their image
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and invariance of primitive ideals. Let us introduce a
background of our study. In 1955, Singer and Wermer
[2] obtained an outstanding result which started investi-
gation into the range of derivations on Banach algebras.
The result states that every continuous derivation on a
commutative Banach algebra maps the algebra into its
Jacobson radical. In the same paper, they wrote that it
seems probable that the hypothesis of continuity in their
theorem is superfluous. In 1988, Thomas [3] proved the
conjecture. According to this result, every derivation on
a commutative Banach algebra maps the algebra into
its radical. The conjecture that every (not necessarily
continuous) derivation of a Banach algebra leaves prim-
itive ideals invariant is known as the non-commutative
Singer–Wermer conjecture. Thomas [4] proved that for
each derivation there can only be finitely many non-
invariant primitive ideals each of which is of finite
codimension, but whether such derivations and ideals
actually exist is still an open question.
In recent decades, a number of authors have presented
many non-commutative versions of the Singer–Wermer
Theorem (for e.g. see [5–8]). Moreover, the question
under which conditions all derivations are zero on a
given algebra has attracted much attention of authors
(for instance, see [9–11,15]). The present study aims to
offer some conditions under which every Jordan deriva-
tion is identically zero. For this reason, the following
results are proved:
Let A  be an algebra and P be a semi-prime ideal of
A. Suppose that d  : A  →  (A/P) is a Jordan derivation
such that dim{d(a)|a  ∈ A} ≤  1. If d(P) =  {0}, then d
is zero. As an application of this result, we prove that if
A  is an algebra such that⋂P ∈ Σ(A)P =  {0}, and further
each semi-prime ideal of A  is of codimension 1, then A
is commutative.
2.  Results  and  proofs
Theorem  2.1.  Let  A  be  an  algebra  and  P be  a  semi-
prime ideal  of  A. Suppose  that  d  : A  →  (A/P) is  a
Jordan derivation  such  that  dim{d(a)|a  ∈  A} ≤  1.  If
d(P) =  {0},  then  d is  zero.
Proof.  Obviously, if dim{d(a)|a  ∈  A} =  0, then d
is identically zero. Now, suppose that dim{d(a)|a  ∈
A} =  1. Hence, there exists an element x  ∈  A, x /∈  P,
such that {d(a)|a  ∈  A} =  {α(x  +  P)|α ∈ C}  =  {αx  +
P|α ∈  C}. For convenience, we denote a +  P by aˆ  forPlease cite this article in press as: Z. Jokar, et al. Some conditions u
(2016), http://dx.doi.org/10.1016/j.jtusci.2016.09.006
all a ∈  A. Suppose that d(a0) /=  0 for some a0 ∈  A.
Since dim{d(a)|a  ∈  A} =  1, we may assume a func-
tional ψ  : A  →  C  such that d(a) =  ψ(a)xˆ  for all a  ∈
A. Since ψ(a0)xˆ =  d(a0) /=  0, ψ(a0) /=  0. Having put PRESS
ity for Science xxx (2016) xxx–xxx
b0 = (1/ψ(a0))a0, we have d(b0) =  d((1/ψ(a0))a0) =
(1/ψ(a0))ψ(a0)xˆ  =  xˆ, and this implies that ψ(b0) = 1.
First we will show axˆ  + xˆa is a scalar multi-
ple of xˆ  for any a in A. For arbitrary element
a in A, we have d(a2) =  ψ(a2)xˆ  (*). Since d
is a Jordan derivation and dim{d(a)|a  ∈  A} =  1,
we have d(a2) =  d(a)a  +  ad(a) =  ψ(a)xˆa  +  aψ(a)xˆ  =
ψ(a)(xˆa +  axˆ) (**). Comparing (*) and (**), we find that
ψ(a2)xˆ  =  ψ(a)(axˆ  +  xˆa). If ψ(a) /=  0, then axˆ  +  xˆa  =
(ψ(a2)/ψ(a))xˆ. Now, assume that ψ(a) = 0, then
ψ(ab0 + b0a)xˆ  =  d(ab0 +  b0a)
= d(a)b0 +  ad(b0) +  d(b0)a  +  b0d(a)
= ψ(a)xˆb0 +  aψ(b0)xˆ  +  ψ(b0)xˆa  +  b0ψ(a)xˆ
= axˆ  +  xˆa.
Therefore, axˆ  +  xˆa  is a scalar multiple of xˆ for all
a ∈ A. Our next task is to show that xˆ2 =  0. We have
ψ(b02)xˆ  =  d(b02) =  d(b0)b0 +  b0d(b0) =  ψ(b0)xˆb0 +
b0ψ(b0)xˆ  =  xˆb0 +  b0xˆ, i.e. xˆb0 +  b0xˆ  −  ψ(b02)xˆ  =  0.
Therefore, xb0 +  b0x  −  ψ(b02)x  ∈  P. Based
on the hypothesis that d(P) =  {0}, we have
d(b0x + xb0 − ψ(b02)x) = 0, and it means that
d(b0x + xb0) = ψ(b02)d(x). This equation together
with the fact that d  is a Jordan derivation imply
that d(x)b0 +  xd(b0) +  d(b0)x  +  b0d(x) =  ψ(b20)d(x).
From this equality, we have
ψ(x)(xˆb0 +  b0xˆ) +  2xˆ2 =  ψ(b20)ψ(x)xˆ.  (2.1)
If we suppose that ψ(x) = 0, then it follows from (2.1) that
xˆ2 =  0. Now, suppose ψ(x) /=  0. Therefore, we have
ψ(x2)xˆ  =  d(x2) =  d(x)x  +  xd(x)
=  ψ(x)xˆx  +  ψ(x)xxˆ  =  2ψ(x)xˆ2.  (2.2)
If ψ(x2) = 0, then it follows from (2.2) that xˆ2 =  0. Now
assume that ψ(x2) /=  0; so xˆ2 =  (ψ(x2)/2ψ(x))xˆ. Sim-
plifying the notation, we put λ  = (ψ(x2)/2ψ(x)). Note
that d(αa) = αd(a) implies that ψ(αa)xˆ  =  αψ(a)xˆ, and
since we are assuming that xˆ  is non-zero, it is concluded
that ψ(αa) = αψ(a) for all a ∈  A, α ∈  C. We know that
xˆ2 =  λxˆ, and it means that x2 −  λx  ∈  P. According to
the assumption that d(P) =  {0}, we have d(x2 −  λx) = 0,
i.e. d(x2) = λd(x). Therefore,
ψ(x2)xˆ  =  λψ(x)xˆ  =  ψ(x)xˆ2. (2.3)
Comparing (2.2) and (2.3), we obtain that ψ(x)xˆ2 =  0.
Since we are assuming that ψ(x) /=  0, xˆ2 =  0.nder which Jordan derivations are zero, J. Taibah Univ. Sci.
We know that xˆa  +  axˆ  is a scalar multiple of xˆ, i.e.
xˆa +  axˆ  =  αxˆ, where α ∈ C. Multiplying the previous
equality by xˆ  and using the fact that xˆ2 =  0, we see that
xˆaxˆ =  0 for any a  in A. It means that xax  ∈  P for all
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 ∈  A, and since P is a semi-prime ideal of A, x  ∈  P.
t implies that xˆ  =  x +  P =  0. This contradiction shows
hat there is no element a0 of A  such that d(a0) /=  0.
herefore, d  must be zero. 
orollary 2.2.  Let  D  : A  →  A  be  a  Jordan  deriva-
ion such  that  D(P) ⊆  P for  every  semi-prime  ideal
 of  A. If  each  semi-prime  ideal  of  A  is  of  codi-
ension 1,  then  D(A) ⊆ ⋂P ∈ Σ(A)P ⊆
⋂
P ∈ Πρ(A)P ⊆
P∈  Π(A)P =  rad(A).
roof.  Let P be an arbitrary fixed element of
(A). Define the linear mapping d  : A  →  (A/P) by
(a) =  D(a) +  P. Evidently, d  is a Jordan deriva-
ion, and since each semi-prime ideal of A  is of
odimension 1, dim{d(a)|a  ∈  A} ≤  1. According to
he aforementioned assumption, D(P) ⊆  P, and hence,
(P) =  {D(x) +  P|x ∈  P} =  {0}. At this point, all the
onditions in Theorem 2.1 are provided, and conse-
uently, d  is identically zero. It means that D(A) ⊆
. Since we are assuming P is arbitrary, D(A) ⊆
P ∈ Σ(A)P. Clearly, every prime ideal is semi-prime,
.e. Πρ(A) ⊆  Σ(A) (1). Moreover, according to Propo-
ition 1.4.34 (iii) of [1] each primitive ideal in A
s a prime ideal, i.e. Π(A) ⊆  Πρ(A) (2). Comparing
1) and (2), we have Π(A) ⊆  Πρ(A) ⊆  Σ(A). There-
ore, we have D(A) ⊆ ⋂P ∈ Σ(A)P ⊆
⋂
P ∈ Πρ(A)P ⊆
P ∈ Π(A)P =  rad(A). 
ote  2.3.  If A  is a commutative algebra, then it follows
rom Proposition 1.4.36 of [1] that every primitive ideal
f A  has codimension 1.
heorem  2.4.  Let  A  be  a Banach  algebra,  and  d : A  →
 be  a Jordan  derivation  such  that  dim{d(a)|a  ∈  A}
 1.  If  kerd,  the  kernel  of  d  is  a  closed  subset  of  A, then
(A) ⊆  rad(A).
roof. If dim{d(a)|a  ∈  A} =  0, then there is noth-
ng to be proved. If dim{d(a)|a  ∈  A} =  1, then there
xists a non-zero element a0 of A  such that {d(a)|a  ∈
} =  {αa0|α  ∈  C}. We can assume a functional ψ  :
 →  C  satisfying d(a) = ψ(a)a0 for all a  ∈  A. Since
0 is non-zero and d is linear, ψ  is a linear functional. A
traightforward verification shows that kerψ  = kerd, and
ince kerd  is a closed subset of A, kerψ  is also closed
n A. As an easy exercise, we know that if M  and N  are
wo topological vector spaces, and T : M  →  N  is a linear
unctional so that its kernel is a closed subset of M, thenPlease cite this article in press as: Z. Jokar, et al. Some conditions u
(2016), http://dx.doi.org/10.1016/j.jtusci.2016.09.006
 is continuous (for instance see Exercise 7 of 11.7 in
13]). Therefore, ψ  is continuous. We have
‖d(a)‖  =  ‖ψ(a)a0‖  ≤  ‖ψ‖‖a‖‖a0‖. PRESS
ity for Science xxx (2016) xxx–xxx 3
It means that d  is continuous. Since d is a continu-
ous Jordan derivation, Lemma 3.2 of [12] implies that
d(P) ⊆  P for each primitive ideal P of A. For an arbi-
trary primitive ideal P of A  define D  : A  → AP by
D(a) =  d(a) +  P. Evidently, D  is a Jordan derivation
and since d(P) ⊆  P, D(P) =  {0}. At this moment, all
the conditions in Theorem 2.1 are provided. Therefore,
the derivation D  is zero, and it means that d(A) ⊆  P.
Since we are assuming P is arbitrary, d(A) ⊆  rad(A).

In the next theorem, we offer a sufficient condition
for the commutativity of algebras.
Theorem 2.5.  Let  A  be  an  algebra  such  that⋂
P∈ Σ(A)P =  {0}.  If  each  semi-prime  ideal  of  A  is of
codimension  1,  then  A  is  commutative.
Proof.  For a non-zero arbitrary fixed element x  of A,
define d : A  →  (A/P) by d(a) =  [a,  x] + P, where P
is an arbitrary fixed element of Σ(A). Obviously, d
is a Jordan derivation such that d(P) =  {0}. Accord-
ing to the above-mentioned assumption dim{d(a)|a  ∈
A} ≤  dim(A/P) =  1. It follows from Theorem 2.1 that
d is zero. It means that [a,  x] ∈  P for all a  ∈ A.
Since a,  x,  P are supposed arbitrary, we have [a,  x] ∈⋂
P∈ Σ(A)P for all a,  x  ∈  A. This fact along with the
hypothesis that
⋂
P ∈ Σ(A)P =  {0}, implies that A  is a
commutative algebra. 
Theorem  2.6.  Let  A  be a  commutative  algebra  and  E
be a simple  A-module.  Suppose  d : A  →  E is  a  Jordan
derivation  such  that  d(M) =  {0},  where  M is  a  maximal
ideal of  A. Then,  d  is  identically  zero.
Proof. Since E is a simple A-module, we may suppose
that E =  (A/M) as a A-module for a maximal ideal M
(see the proof of Proposition 6.1.4 of [14]). According
to Proposition 1.4.36 (c) of [1], dim(A/M) =  1. Now,
Theorem 2.1 is exactly what we need to complete the
proof. 
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